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1. INTRODUCTION 


In recent years, the Lie-algebras of the orthogonal group, considered as asso- 
ciative algebras generated by a number of symbols satisfying a set of relations have 
been found to be of importance in the theory of elementary particles in Quantum 
Mechanics. The Clifford-Dirac algebra of 4 symbols which is the Lie-algebra of the 
orthogonal group in 5 dimensions was employed by Dirac in his theory of the 
electron whose spin is 3. Explicit matrices of the representation of the Clifford- 
Dirac algebra with any number of symbols were given by Brauer and Weyl (1935). 
The Lie-algebra associated with an elementary particle of spin 1 was investigated 
by Kemmer (1939) and the matrices of the representations were obtained in an 
explicit form by D. E. Littlewood (1947). 

The investigation of the Lie-algebras for higher spins is more complicated. It 
was, however, proved by Madhava Rao, Thiruvenkatachar and Venkatachaliengar 
(1946) that the algebra for the case of half-odd-integral spins is the direct product 
of the corresponding Clifford-Dirac algebra and another algebra called the é-algebra 
generated by the symbols &, és, .... €, satisfying the commutation rules 


(i) i bee é,}} — és, 
(ii) [é., PEA A | = 0; rAxsft, 


where {a, b} is the anticommutator ab+ba and [a, b] is the commutator ab—ba. 
This direct product resolution simplifies the problem of determining the irredu- 
cible representations of the Lie-algebra considerably. The matrices of the irreducible 
representations of the Lie-algebra are then the Kronecker products of the matrices of 
the irreducible representations of the ¢-algebra and those of the corresponding 
Clifford-Dirac algebra. In the case of spin 3, the symbols generating the original 
Lie-algebra satisfy a quartic and the corresponding symbols é, satisfy the quadratic 


In this paper, we take up the investigation of the é-algebra A, ae by 
the n symbols &), £9, ...&, with spin 3. We show that the centre of the ge ane 
generated by a single element 0 and obtain the minimal equation it satis es. e 
set €,_1 = wip; {ory w1s} = ws and show that the irreducible representations of the 


algebra A, are given by 
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I (a) when n is even ; 
BB ee (wn,n+1) = 2 Hy, ot (2r—n —6) 1 
2(n—2r+4) 
(n—2r+4)?—1 (2r—n—2) 
(n—2r+ 4)? 2(n—2r-+-4) 


x Ef, + + Ey, 


l<r<5tl 
(6) when » is odd, we have the same expression for Dy,(w»,,41) as I(a) with 


if 
ler<s a. 





and an additional representation. 
Dan, n+3 (Wn, n+1) — 4 Ey, I —3 Ei, 
2 
where #; is the unit matrix of order k. 
IT. Dne(wy, 941) = Dn-1,r-1(p, p41) +Dn-1,7 (wp, p+1) 
p=l,2,3,....(n—1). 


By taking the anticommutators of the Wp, p+1 repeatedly, we obtain the matrices 
for € 

We prove also that the dimension of the algebra A, is given by the simple 
ve hey . It follows, therefore that the dimension of the corres- 
ponding Lie-algebra of the orthogonal group is given by 


ntl en) 
n+2 ( n : 


2. Tuer £-ALGEBRA 


expression 





Let A, be the é-algebra generated by the n symbols & €,... -€,, which satisfy 
the following relations :— yy. 


(1) (a). = ge 

(1) (0). {, {& &}} =€; {&,, &} =SE,48€ . 

(1) (c). [6 S}]=0 [& é] =se-ee 
THs Xt. 

We set 


Ee = 01, = w,,3; [r= ara... ve (n+1)] 
and 


Leyes s-1} om {,, w15} a Ws ° 


It follows easily that fee ‘e =i-{é ¢ } 
Wat J ", >sf° 





* In the paper by Madhava Rao and coll b 
é2—£43. We have here ari 4 a orators referred to, € is taken to satisf 
Soueniant Placed € by —€ for the slight Simplification of some of the 
IB 
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Hence the w’s satisfy the relations : 
(1’) (a). Wg = py (Hq). 
(1’) (2). (2, } = 1,0 
(1’) (¢). [4,4] = 05 w,) = w,,. 
1 4.54 0, 


From 1’ (a), it follows that in any representation ,, has the eigen-values sor —3. 
Consider a representation in which «4, is diagonal, say | A,| and let w1; = | aq]. 


We have {@,, @),} = | (Ap+A,) apa]. 
Since {w,, w,.} = o,, 


(Ap+Ag)” apg = Apq 


2 
4X, App = Upp, 
7 j —S pn! — 
i.e. either A,= tora, =0. 
Now spur w,, = Sap, 


and 
spur {w,, @,,} = Dd 2Ap App = J) Uy = Spur w,,. 


Similarly, taking w,, diagonal, we obtain 
spur w,, = spur {w,, w,,} - 
We therefore have 
(2) spur w,, = spur w,, = spur w,.. 


It is clear that (2) is true for any spin. 

We now proceed to obtain explicit matrices for the irreducible representations 
of the algebra A,. From the theory of the orthogonal group (cf. F. D. Murnaghan : 
The theory of group representations) it follows that the dimension formula for the 
irreducible representations of the Lie-algebra (generated by n symbols) is 


De bei ae Te pe he ee as 
(3) (a) Pryde. MTT (3....[2k—-1 y= (i7—L); n = 2k 


and 

gh-1 k : 2 
3) (b D = ——_—_—__— _ ]T (Vl); n= 2k—-1, 
(3) (4) Ay Ag... Ak [2 [4....[2k—-2n <q Pie 
where dj, Ao, .... Ax are half-odd integers such that Ay > Ag >.... SAn; by =Ayt+ 
(k—p); 1, =1,+4; and A, is the spin. Denoting by fy, a,....d2, the dimension of 
the corresponding irreducible representation of the -algebra, we have, since 2" (or 
2-1) is the dimension of the irreducible representation of the Clifford-Dirac algebra 


according as n = 2k (or 2k—1), 


D) No... Ak, 
(3’) (a) i Nes 2 7 Si eae ena ager 
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DS Ag eens 
(3’) (0) Si lets A ih ee n = 2k—1. 

If spin = 3, the X’s are all either $ or }. 

Let f =e Lay see eS (rl) 3’s and (k—r+1) > 3’s, 7 taking the 
values 1, 2,....(k-+1) where n= 2k or 2k—1; there will be (4+1) irreducible 
representations of the algebra A, . ; 

: We obtain after some simplification that the formulae 3’(a) and 3’(b) both 
reduce to 


n—2r+4 (/n+2 
(4) fe=fs baa = et) 


we define f, =0 for r Sel since f, =0 for n= 2r—4 and negative for 


n<2r—4. i.e. r takes the values 
1) 2 ee tl if n is even 
and 


n+1 n+3 
| ees Fe eae ates 


We denote by D,,, the irreducible representation (of the algebra A,) whose dimen- 
sion is f| and by D,,(wp,) the matrix of representation for wy», in the representation 
De 


It follows from the theory of the orthogonal group that the algebra A, branches 
over the algebra A,_1 according to the law 


(5) Dar (@pq) = Dn-1,7-1 (wp) +Dn-1,1 (pq) 
[It is verified easily that funy = fn—1,r-1+fn-1,1]. 


if n is odd. 





* aS next show that if S,, is the spur of any w», in the irreducible representation 
nr? en 





4 = 2n(n+ 1) 
= (n— (n—1)(n—2)... (n—r-+-4) 
(n—2r+4) sr oe 


x {n2+ (5—4r)n4+4(r—1)(r—3) } 
Proof : 


We assume the result to be true for the algebra A 
From (5) it follows that 


Sir = Sy-1, r—1 +-8n-1, re 


n-1 and prove it for A,. 


Now Sy—-1,7-1+Sy-1, ¢ = 
(n—2r+5) 


(n—2r-43 
Sra (n—2)(n—3) .. (n= $8) {WP (3—4r)n4-4(r—1)(r—2)) 


= (n—2). etre (n—2r+5)(r—1) {m+ (7—4r)n+4(r—2 


\(r—3 
2|r—1 (n—2r+3)(n—r+3) {n?+(3—4r)n4.4 ue | 


(r—1)(r—2)} 
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1,0. S,-1, 2-1 +8n-1, r= 


—2)...( n— 
= ea (n—2r+4)(n—1) (m+ (64m 4(r—1)r—3)} | 





, on simplification. 
Now Dhni (pq) = 4 for all n so that S,; = } and for the algebra A», one can 
see easily that 


1 
2 


D32(w 2) = 0 —3 
5 


or Soo = —!; 








That is, the formula is true for S,,; and S22 and hence by induction it is universally 
true. 


3. THE IRREDUCIBLE REPRESENTATIONS OF A, 


We consider the algebra A, as generated by the nm symmetric symbols wy. 
93, +++ Wy, pti,+++ On, nt1 and define 


Ws = {w1y, 1s} ; 7 AS with the relations (1’). 
From (1’) (c) it follows that 
[ pa, st | = OF pgs 6, t 


Therefore, Wy, n+; commutes with wy, wo3, ..- Wn-2,n-1, i.e. with the algebra 
An-2. We also have the branching law 


Darr (p, p41) = Dn-1,1-1 (@p, p41) FDn-1,7 (wp, p41); p = 1, 2, 3,....(n—1). 


We now show that— 
(7) (a). When n is even 


2r—n—6 
2(n—2r+4) 
Dany (Wn, n+1) =3 Es, ay x Epyt2 Es, 
(n—2r+4)2—1 (2r—n—2) 
(n—2r+4)? 2(n—2r+4) 


— 


l<r<5tl 


(7) (b). When n is odd, we have the same expression for Dy; (wn, n41) a8 (7) (a) with 


|< oe < cae and an additional representation 





2 
(8) Dy n43 (Wn, n41) — t Ey, +—3 Ey, 
2 
where Ey, Ey, Ey, Ey, Hy, are unit matrices of orders 
fi a Tn=3, r—2 
fe =fn-2, 1-1 


fs = fn—-2, Y 
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fa =fn-2, n-1 


2 


fs =fn-2, n+1 respectively 
a 
with #, = 0 fork <0 and #, = 1. 


Proof : 
We first of all determine D,, nt3 (Wn,nt1) When n is odd. We have, by the. 


2 . 
branching law, that D,,.+3 is the same as D,-1, 41 0ver the algebra A,_;, Taking 
er 





2 
the branching again over A,» we have 


Das n+3(@p, p+1) = Dn-2, n-1 (Wp, p41) + Dn-s, n41 (p, p41) OVeT Ano; 
Som 99 : + 


(l<p<n-—2). 
Since w,,n41 commutes with the algebra A,-2, we have by the Schur lemma, 


Dis n+3 (Wn, n-+1) = Ai Er, ate Ag Es, 
2 


Writing n = 2m-+1, we have 


fs = fom—1, m — eee 
fs = Fomut. waa ee CPOE) aad (2), 
m—1, m rm 


Hence taking the spur of w», »41, we have 


(9) Ai fatrcfs = S,, n+3 = Som41, m+2 
2 
as —3(m+3)(m+4) .... (2m) 
[ra , 
i.e. A;38m+A.(m+2) = —3 
or A, =4and».= —3. 


Thus, we have 
(8) Das nts (Wn, n+1) = t Ey, + —ZEy,. 
; J 


To prove (7), we observe, first of all by the branching law, that 


Dy, 941) = Dy 94 (wo, +1) +Dy-1, r(@p, p41) Over A, _4 


= Dy-2,+-2(wp, 41) +Dy -», r—1(Wp, p41) > 


a5 Dy», r-1(@p, r+) tDny_o, r(w», p41) over A,_» 
= Pr—2,r-2(00p, p41) + Bz x Dy-2,7-1(wp p+1) 
zy Dy-2, r(Wp, p+1) over PB 
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Since w,, »4; commutes with the algebra A, 2, we have by the Schur lemma, 








bar ad 
Dan, net) = 1 Ly + xX Ly, +44 Lee, 
~ 1439 agg ; 
Baers f my ee 1-2? fe a ee > Te wre i 
2 
Since On, rs ee $— wy, n+1, 
41, Uqq = $ OF —33 Ag9+d33 = —1 


and 
S ah 
Aj. + 493 Igo = §—A29. 
Taking the spur of w», »41, we have 


Ayn f, + (422+433) fo +44 fs = Sur 


i.e. 
(10) (n—r+4) (n—r+5)....(n—1) ay, (n—2r+6) — Nail Aes 
r—3 a 
(n—2r +2) (n—1r+2) cele 
Ae el) (7) 
as i wo. (n—l 
= (n—2r+4) a 2 


x {n2+(5—4r) n+4 (r—1) (r—3)}. 


It is easily seen that (10) will be consistent for the value 3 only for a4, and a4,4. 
We now assume the result (7) for » = m and prove it for (m-+1). 
We have just proved that 








: Ago Ag att Bs 
Dt, (Om+1, m+2) = i $3 Aso 33 lee Ba Hy, 
; Ty tea naa ffi tds3 = —l. 
where te Soh ecatde BS ecg tial Sn 1j¢ 208 S20 te: 
Hence ass 
spur (@m+41, m+2) — it —f ot tf — Netice 
Now 


Dnt, @m, m1) = Dn, 1-1 (@m, m1) +Drm, 1 (@m, m1) by the branching law 


(2r—m—8) l 

2(m—2r-+6) Me 
eeu ete x Eph By 

(m—2r+6)2—1 _(2r—m—4) 

(m—2r+1)? 2(m—2r—6) 

(2r—m—6) 1 

2(m—2r+4) LE 
+ 4 Ey, + x Ey t 3 Uys, 


(m—2r+4)2—1  (2r—m—2) 
(m—2r+4)2 — 2%(m—2r-+4) 
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where 1H =fin-9, 7-3? if = fin—2, 1-23 fs = f-2,7-1 


fi a Pa eH fe = foes dais fs Pe tis 
It follows easily from (1’)(b) and (1’)(c) that {as, ws} = @n and hence 


i - we thus have 
spur {m, m+1) Om+1, m+2} is also Sn+1,1 > 


,  (m—2r+8) », (m—2r+4) a 
(11) tfi—3(m—2r46) 12— (m—ar+6) “242 
(m—2r+6) 
+422 fot 433 fi— (m—2r-+4) a33 fe 
(m—2r+2) ee 
—om—ar44)i2tets Bettis 


[Observe that f;—f, =f; Seto =I53 Jeo) Jas lea 


We also have 


(12) Aze+d33 = —1. 
On solving for a2. and agg from (11) and (12), we obtain, 
2r—m—7 
a 


22 =~ 2im—2r-+5) 


le Soe! LL oe 
33 =~ Fm —2r-+5) 
from a5 +g Ao3 = $—Ag9, we have 








_ (m—2r+5)2—1 | 
492 498 = “Gy Dep 
m+6 m+4 » aa ; 
If dgg = tor —3,r= 9 FS respectively and this is clearly not possible. 


Hence As9 a 4 or —3 Or Ago Mog ~ 0. 


We now effect a similarity transformation of the matrices Dn+1,1 (@m41, m+2) and 


1 
dD ee ee by the matrix — 
+1,r (Wm, m41) by We E, Os +H, 
altered while in D,,,,, (Wm+1,m+2) it changes dog to 1 and Ago tO Ago dog. We have 
thus proved the result for nm = m+1 if it is true for n = m. Before completing the 


proof by induction, we observe that the foregoing does not cover the case r= ~ +1 


This leaves Dyy+41,¢(@m,m41) UN- 


2 
when n is even ; for then 
DS n+2 (Wy 1, n) aes Dyan: n (Wn -1, n) +D,-1, n+2 (Wn-1, n) 
2 2 : Ti 
al De . +i re 
Ot 9 ee) ee " 


s 2 


We therefore treat this case separately : ie. writing n = 2p, we show that 


Dep, p41 (@g =i2 
P, P+1 \2p, 29-41) = 4 Sen ict x Ey 


2p-2, Pp. 


ome 
1-0 
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We assume the result for n = 2p and prove it for 2p+2. Th i 
shows that (7) is true for n = 2p 1. P p+ e preceding result 


Now 
Dep +2, p42 (Wk, k41) = Dopas, p41 (wr, k+1) +Dop41, pre (we, 41) over Ay-1 
= Dap, » (wr, k+1) + Do, p+1 (rp, k+1) +Dop, p+1 (Mk, k41) OVer Ay-~2. 
Hence from the Schur lemma, 








De (w Kee geen Peele Re 
+2, pt2 \Vop+2, = 
P+2, p+ +2, 2+3 11 "fon, p | Sop, p+1 
a32 A338 
where 43 is taken to be 1 as before. 
2 : 
From 5449, 2943 = Wo, 45 op+s, We have again a,; = } or —3 and dgg-+33 = —1. 


Taking the spur of 2549 2543, we have 


ra 4(p+4)(p+5)...(2p+1) — 2(p+3)(p+4)...(2p+1) 








|p—l | Dp — Sop+e, p+2 
— 6 2tV(P+4)(p+5)...2p+)) 
|p+l 
from which a,; = } only. Therefore, 
a99 ] 
Dop+2, p+2(wep+2, 2043) = 24, + X By 541 
Ago A293 
and 
Dop+2, p+2 (w2p41, 2642) = Dep+1, p+1 (w2p+1, 26+2) +Dop +i, p+2 (w2p+1, 2p+2); 
i.e, 


Dop+o, p+2 op41, 2042) = 





a 
6 
i E lz 
s Braet: Geis : 5 4: fop-1, p ze 2" fep-1, p+1 
Qin ae 
1 _3 : 
fal ae oa Fins, p+ 


Since spur of {o41, 2942, “26+2, ap+3} is also Sop+2, p42 we have 
L fop-1, p-1 —RSop—1, p— 429-1, » M22tSop-1, +1 A2etSop-1, p M33—3 fop—1, 941 
= Sop+2, p+2 = S20, »p —Sep, p+1 
and we also have d9.+d33 = —1. On solving for a2, @33, we obtain 
og = —1, dg3 = 95 Ase = Ff. 


We have thus shown that in all cases (7) is true for n = m+] if it is true for 
n=m. Now for the algebra Ag, one can show easily that 


—1 1 
3 0 





; Dolo) = 
“4 








3 
Dy9(12) = | 
0 
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and Dy; (», p41) = } for all, This proves that the irreducible representations of 
A, are given by (7) and in case is odd, we have an additional representation 
given by (8) 

We observe that the representation matrices are chosen in such a way that 
their elements are rational numbers. If, however, we want them to be symmetric 
matrices as is generally required in Quantum Mechanics we can take 


(n—2r+4)?—1 
Ae3 = Age = (n—2r-+4)2 . 


As an illustration, we give below the matrices of the irreducible representations for 
Wo, Yo3,.... 5g Of the algebra A;. By taking the anti-commutators of these 


» »+1 repeatedly we can compute the matrices for £,_1 = 4y, 
The algebra A; has 4 irreducible representations D;;, Ds2, Ds3, Ds4 of orders 


1, 5, 9, 5 respectively. 

















OD 
®, 1=4; r=I, 2, 3, 4, 5. 
(ii) Dee — : 
= $H,t+ —$F, 
—l1 1 
05 =" H3t+ 
2 0 
=i 1 
34 = By+ +428, 
yeeros bP 
9 6 
W 1 i : 
45 = 9 + +4He 
aes ee 
16 f 
=e 1 
O56 = be 4 Es 
2%) eames 
35 10 
(ili) Drs — 


12 = 243+ —} Hy +3 £.4+—$H\4+4H,4+—$8, 


























—I 1 —l1 1 
Mes = 3 Ey + +4 2,+ x Ey 
w ly —8 : =i 
peg +4Ait +4 Ho+—-$ HB, 
es eal 
w —# 1 ho 1 
on 15 , [th eet x Ee 
16) =. 
— 5 1 
Ww — 1 6 
amine | X H3+4 He 
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(iv) Ds4:— 
12 = 3 Hy +—§ Hy+h E+ — 
—l il 
®.3=}3H,+H2x | 
2 0 
= l 
Oo= +} 22+ —} Hy, 
—l 1 
contd xX Ee 
6 = 423+ — 


4, THe DIMENSION OF THE ALGEBRA 4A, 


We now prove that the dimension of the algebra A, is given by the simple 





2n+1 
expression = 5 ( ps ; i.e. we show that 
ss pe S sear She 2 ine 
a, wi Ae n+2 (ae as ae 


for n = 2m or 2m—1 


(i) Let n = 2m; to show that 


= 2m+2\" 4m+1 
> mp0? ( , ) some (3 


Proof :— aay"? = a . Se te 2 gemt2-P- 
2 ten pres arnt 
Also (1-2) "4? = s lige] a? 


2m+2 


Bae tatty > 


dx ry 


(m—p+1) is as) gem? 
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Hence, in 
2m+2 
2m+2 2m+2 <a a cel et 
am ie a” (m—p-+1) x 
: >) m+) (Geoee > : 
2m+2 2 

1 9 (2m+2 

the coefficient of os ae (m—p-+1) ( 5 


0 
“ 2m+2\" 
= —2 (m—p+1)*( ; 

2. p 

: ae 

This must therefore be equal to the coefficient of 72 in 

d =m—1 2m+2 . 

\2 ja-""* (142) , 

: Ie 
i.e. to the coefficient of 72 in 


| (2m-+2) (1-2)"thao™* — (m1) (Laer? gm}? 


aa g2m+4 . 
. Le : ras oa wie 
Coefficient of = (m+1) ieee = om-+1 Ve 
4m+1 
= —2(m+1) ( om on simplification. 


Hence 


. 2m+2\" 
>, (m—n+1)*( uy = (m+1) (26)! 
0 P 2m 


When n = 2m—1, one can similarly prove the result by considering the expansion 


for (1+2?)""*1 We thus obtain that the dimension of the Lie-algebra of the ortho- 
gonal group with spin 3 is 


grt Gea 
n+2 n | 
5. Tur CEenTre or THE ALGEBRA A, 
L P= = 
et 25S pao where Cae ue, = a Spy tees é, and the summa- 
tion extends over nP, permutations, 


Thus é, Pomel WS *eiég--ctamiat BEey Sig rtaa 2 &,& 
Than sae em 


92193 + +++ 42m44 


+++: V2m411 
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where the q, are to be summed up over all indices excepting 1. 


Since [f, {,,, foo} | = 0, we obtain 


P = 
2m+1 Sn pies Poetic (m+ 1) Shige coe ener Stbatyy- *++9m41? 
the gq, being summed up over all indices excepting 1. 
Now r 2 Satta = i fii 
m 
g Pomit aca ne aeele dome1t 9 see +++ UOm41 
m m 
eS Soolleg-.--d9m41 > (7 9 i S109 ----42m41 ‘ 
From €,=i-€, we obtain 
2m+3 
oe Pea es Se ee Gt 4 Pek he 
BET. mg 
= 2 192-+--92m+1 2 °92193-++-I2m+1 


we have similarly 


Pom+1 &j = Gosdg = fame, 1) 619095 aes dam 44 
+m 1q9103..-- 4241 20d hence 


[é1, Pom+1] = [$1 Cade scare dems . 


Forming in the same way &9 Pam41,---+ €2 Pam+1, Pam+i Gapusen aml Cu we 
obtain. 


(n—2m)(2m+3) 3) 


(13) by Poms = Poms2—Pomsit 4 


Pom = Pom4i Pi. 
It can be seen similarly that 


m m m 
Sei oe = gy GP dase! tony 300 F §4a-++-4am— @ $14--+- dem 2 Edel gee 


12m. 


and 
m m m 
Pom ey = E191 49--+- amt Sta --+- 4am by Elgg ---- 92m F E00 1309+» Cm 


from which we have 
[é1, Pom | waact ide (4193 sees dom £149.--+- 2m) acces [é1 E¢0 ae tom |? 
i.e Pom+m Pom-1 18 an element of the centre. 


[We take Py = 1 and P, = 0 for r>n and r <0; we notice that there will be 
(k-+1) elements of this form for n = 2k or 2k—1.] 
We also obtain 


m(n—2m +1) = 
(14) Pi Pom = Pomsit ( 5} Pom-1=PomF 3. 
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jn 
From (13) we have P,? = P, ie 


3n 
Pitls = PtP 
m(n—2m +1) 
(P,+P2) Pom — Py Ponsit OT PyPam ot 


3 
+2P,Pom—F Pam, 
(Pi; + Pz) Powas — Py Pon +P Pom 


— 1 
pele eI 


3n 
Pon-2—- G P2m-1- 
We thus obtain 
3n 
(Pit P2)(Pem+mP2am—1) +> (P2m-+mP2m—1) = 


—2m-+3) 
P, Pomsit+(m+2) PyPom+ Bea Py Pem—1 


gabon IL 1) yeh oh ee 


(n—2m)(2m+3) 


— P2om42—Pom4i+ 4 lp 
—2 
er sale ae) Pom+(M+2)Poms1 
- —2 3 
+ mnt Ae STN i Alga m(n ang 5 


m(n—2m+3)(n—2m-+2)(2m-+1) 
a 8 


m(n—2m-+2)(2m+1) 
TSS geal 


Pom-2 


Pom-1 
ae > tr —2 3 
+ Oe ee Bae 


or we obtain the recurrent relation 
(15) (PitP:)(Pom+mPom -1) = (Pomyo-+m-+1 Pam+1)+m(n—2m)(Pom_+mMPo2n_1) 


Ret Nem Pmt 3)(n—2m-42) (P2m-2P+-m—1P2m-3). 


It is evident that on utilising (15) in succession, we can express a central element 


Pomt-m Pom. as a polynomial in @ = Pi+P,= >& + > { &, &s te 


r=1 7,8$=1 
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We obtain the minimal equation that 6 = P, +P, satisfies indirectly as follows: 


Since spur ¢, = spur ¢,= spur {£,, €; }, 
n(n+1 
spur of 6 = er) S,, in the irreducible representation D,,, 
a epor 6 = Aiea, n? + (5—4r)n+4(r—1)(r—83) 
2 ed 2n.(n+ 4) , 


Hence the roots of 6 are n?-+(5—4r)n-+4(r—1)(r—3) 
4 


r=1,2,3,...(k+1) where n=2k or 2k—1 
or the minimal equation that @ satisfies is 


ae ‘it fo 2! IA my 


We wish to thank Prof. B. S. Madhava Rao for his interest in the work and 
kind encouragement. 


SUMMARY 


In this paper we determine explicitly the matrices of all the finite-dimensional representa- 
tions of the Lie-algebra of the orthogonal group with any number of symbols with spin = 3- 
For this purpose we use the direct product resolution of such an algebra into that of a Dirac. 
algebra and a é-algebra due to Madhava Rao and others. We find first of all the matrices 
for the representations of the ¢-algebra; since those of the Dirac-algebra are known one can 
work out the same for the Lie-algebra. We determine finally the centre of the é-algebra. 
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